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Keywords: been performed by using the super element method. The objective of using
Thermal analysis FGMs in the cylinder and the piston is to increase their performance. FGMs
Functionally graded material include a combination of ceramics and metals. Inside the cylinder, the
Cylinder ceramic is considered and outside the cylinder, there is the metal. On the top
Piston area of the piston, it is consumed that there is the ceramic and on the

Super element bottom, there is the metal. This combination causes a better wear property

(according to proper wear characteristics of the ceramic) and also makes a
thermal barrier system (according to low heat transfer properties of the
ceramic). The wear benefit is inside the cylinder and the thermal barrier
benefit is on the top area of the piston. Obtained results indicate that there is
a good agreement between finite element and super elements methods.
However, the number of super elements is so lower than the number of
finite elements with the same accuracy in results. In addition, the power
value, which is related to material properties of FGMs, has no significant
effect on the temperature distribution and the temperature gradient.
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1) Introduction

Recent researches on new applicable materials
known as functionally graded materials (FGMs)
illustrate that these materials have a good capability
for resisting high temperatures and also severe
temperature gradients. Nowadays, the application of
FGMs can be an inventive phenomenon in internal
combustion engines [1] and the FGM has not been
used in the industry of internal combustion engines,
until now. However, if we consider the thermal
barrier coating system as a type of FGMs, they were
used in Cummins engines, commercially.

Cylinders and pistons in internal combustion engines
are such components that are exposed to high
temperatures and severe temperature gradients.
Low thermal conductivity and low coefficient of the
thermal expansion have enabled FGMs to withstand
higher temperature gradients for a given heat flux
[2-4].

FGMs are a combination of different materials,
including metals and ceramics. They are non-
homogeneous on a microscopic scale and completely
different from composites materials due to their
continuously changing microscopic properties. The
composition, which is varied from a ceramic-rich
surface to a metal-rich surface according to a desired
variation of the volume fraction of the two materials
between two surfaces, can easily be manufactured.
Usually, these changes are related to material
parameters and they are considered as power or
exponential functions in the radius or thickness
directions of components [2, 5].

FGMs have two benefits according to its ceramic
side. One benefit is proper wear properties and the
other benefit is to make a thermal barrier system.
Thermal barrier systems, applied to the combustion
chamber and the piston of engines, cause higher
combustion temperatures, increasing the thermal
efficiency, or to achieve lower base metal
temperatures. Both can cause an increase in fatigue
life of high temperature components and also
reduction in fuel consumption and some emissions
such as hydrocarbons [6].

Among various FG  structures, cylindrical
components have been in an especial interest. The
transient heat transfer analysis is a vital stage in
developments of strength investigations such as the
dynamic thermal buckling, the fatigue lifetime
assessment under cyclic thermal loads, dynamic
crack propagation and etc. Thus, scientists have
performed several researches on FG cylinders by
using finite element methods (FEMs). As an example,
the nonlinear transient heat transfer of a thick-
walled FG cylinder with temperature dependent
material properties was investigated by Azadi and
Shariyat [3]. They studied influences of various
boundary conditions and different geometric
parameters on the temperature distribution for
various volume fractions.

Azadi and Azadi [4] investigated nonlinear transient
heat transfer and thermo-elastic stress analyses of a
thick-walled FG cylinder with temperature
dependent materials and by using the Hermitian
transfinite element method. They indicated that the
temperature dependency effect is significant on both
stress and temperature distributions.

The majority of well-known heat transfer analyses,
performed so far for thick FG cylinders are generally
restricted to uniform heating [7] or the steady state
heat transfer [8-18] investigations. In these
mentioned researches, semi-analytical and
numerical approaches have been used to solve the
problem. One of these numerical approaches is the
finite element method (FEM). Investigating the
thermal analysis of FG cylinders and FG pistons in
the application of FGMs in internal combustion
engines is so rare. Akhlaghi et al. [19] studied the
heat loss and thermal stresses in direct injection
diesel engines, using FGMs. They used a combination
of finite element and finite difference methods.
Besides this time-consuming method with high
calculations, a new approach, entitles the super
element method (SEM), was developed by Ahmadian
and Zangeneh [20]. They used super elements to
perform the free vibration analysis of laminated
stiffened plates. This approach was used for another
case study of the structural analysis of laminated
hollow cylinders by Ahmidian and Bonakdar [21].
Taghvaeipour et al. [22] presented an application of
a new cylindrical element formulation in finite
element structural analysis of FGM hollow cylinders.
They illustrated that the SEM had a high accuracy
and its results were in a good agreement with
previous studies and also the conventional FEM in
the modal analysis.

According to the literature review, two novelty of
this research is to use the new approach, which is
super elements, and apply this approach to real
engine components.

In this article, the SEM is applied for the first time to
analyze the thermal behavior of FG cylinders and FG
pistons. FGMs vary through the thickness of the
cylinder and through the longitudinal direction of
the piston. Obtained results are compared to results
of the FEM (by the ABAQUS software) for metal-rich
and ceramic-rich materials. Then, varying the
material properties based on the power law is
investigated for the temperature distribution in
figures for FG cylinders and FG pistons.

2) Governing equations

2-1) Material types

In this article, it is assumed that the outer side of the
cylinder, there is a metal and in the inner side, there
is a ceramic. For the piston, a ceramic is considered
on the top area and a metal is assumed on the
bottom area. The schematic view of these
assumptions is illustrated in Figure 1.
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Figure 1: The schematic view of material distributions in
the cylinder and the piston

The volume fraction for the cylinder is considered as
a power low through its thickness.
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Where V, and V. is metal and ceramic volume
fractions, respectively. Besides, r; and r, are internal
and external radiuses of the cylinder, respectively.
Also, n is a material constants.

Then, each material property (P) for the cylinder can
be written as following,

P(T, 1) = Bp(T)Vp (1) + P(T)V(7) (2)

In which, P, and P, are metal and ceramic properties
respectively.

The volume fraction for the piston is also considered
as a power low through its length.

2z — L\"
- ) V() =1-V.(2) 3)

v =

Where L is the length of the cylinder. Then, each
material property (P) for the piston can be written as
following,

P(T,z) = Bp(T)Vn(2) + P(T)Ve(2) 4)

In this research, the temperature dependency of
material properties is not considered.

2-2) Shape functions

A super element is shown in Figure 2, which has 16
nodes. In this figure, r, @ and z are radial, tangential
and axial coordinates, respectively.

The relation between global (r, «, z) and local (1,7, §)
coordinates can be written as Equation (5).

2r — (r;+ 1)
R (5)
=2-1 (6)
"y
Z
§=T (7

For super elements, 16 shape functions (for each
node) can be considered as a function of local
variables as following,

Ni(fr m, Y) = ft(nr Y, f) (8)

These 16 shape functions are mentioned in the
appendix. The sort type of super elements in the
piston and the cylinder is shown in Figure 3. This
sort type of super elements is selected according to
the type of material distributions.

2-3) Governing equations
For the heat transfer in cylindrical coordinates, the
main relation is as following,

10 (k aT)+ a (k6T>_ aT ©)
ror\ ar) Taz\"az) T PPt

Where T is the temperature, k is the thermal
conductivity, p is the mass density and c, is the
specific heat. It should be mentioned that the d/da
term is not considered according to the
axisymmetric problem.

Based on the Galerkin’s method, or the residual
integral function (R), the governing equation can be
extracted by the following equation,

J- [N]TRdv =0 : dv = rdrdadz (10)
v
10 aT d oT aT
1o 0T\, 00T\ _ OT 11
R ror (kr 6r)+6z(k 02) P 5¢ D

In above equation, the temperature can be written
based on the Kantorovich’s approximation,

(07,60} = IN(Ly, OliasTO WD), ., (12)
[N, v, O]ix16 = [Ny ... Nyg] (13)

Figure 2: The super element with 16 nodes [22]
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Figure 3: The sort type of super elements in (a) the piston

and (b) the cylinder

Then, the governing equation can be simplified as
following,

[c@Nr @) + [k re®) = () (14

[c@]=- f pcp[N1T[N]dv (15)
19 ( O[N]\ a [ 4[N]

k)= | W[m(’”v) W(" 5 )] dv - (16)

r@}=o0 (17)

By using the integration by part and the Gauss-
Green'’s theory, K¢ can be rewritten as following,

(K@) = [N [k N+ 5 ), + k0, o

v
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For the cylinder, the inner side is exposed to the heat
flux due to the engine combustion. The outer side of
the cylinder is exposed to the coolant (the water
jacket). Therefore, these boundary conditions for the
cylinder can be represented as following,

or " (19)
—k—r=h(T—Too) tor=r,

Where qo, h, Tw are the heat flux due to the engine
combustion, the coefficient of the convection heat
transfer and the initial temperature, respectively.
Based on boundary conditions for the cylinder, the
K matrix and the fl¢) vector can be rewritten as
Equations (20) and (21).

T=To (20)
- f (k, INT” + K[NTZ) N1, dv

- f KINTLIN] ,dv

v

{r@} = f‘Io[N]TdS— thoo[N]Tds (21)

r=r; r=r,

It should be mentioned that in the cylinder the
0k /0z term is not considered. The reason is that the
material properties change through the thickness
and are constant through the longitudinal direction
of the cylinder.

For the piston, the top area is exposed to the heat
flux due to the engine combustion. Its bottom area is
exposed to the coolant (the piston cooling jet).
Therefore, these boundary conditions for the piston
can be represented as following,

T
—ka—qo at z=1L/2

kL hT =T at z=—-1)2
9z =) at z=-L/

(22)

In the piston, r; is equal to zero.

Based on boundary conditions for the piston, the K¢
matrix and the fl& vector can be rewritten as
following,

(k@] = f [N [g [N], + k,Z[N]‘z] dv

v

- f KNI N1, dv

23)
- f h[N]T[N]ds
z=-L/2
- f (k,INI + K[NTZ)[N] ,dv
{r@}= f qo[N]"ds — hT. [N ds (24)

z=L/2 z=—L/2

It should be mentioned that in the cylinder the
0k /0r term is not considered. The reason is that
material properties change through the longitudinal
direction of the piston and not through its radius. In
other word, material properties are constant
through the radius of the piston.
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2-4) Code inputs

A code is written in the MATLAB software (by using
the ODE tool) to solve the governing equation. It
should be mentioned that in this research, the radius
of the piston is 71 mm, the inner radius of the
cylinder is 71 mm and its outer radius is 81 mm,
based on geometries in the four-cylinder engine. The
length of the cylinder is 83.6 mm and the length of
the piston is 27.9 mm.

The heat flux of the engine combustion can be
estimated in following sentences. If the fuel
consumption of the four-cylinder engine is
considered as 8 lit per 100 km, for the speed of 90
km/h and 29.8 M]/lit of the gasoline energy, the
engine combustion makes 59600 ]/s of the energy.
This value of the heat flux is equal to 3763.4 kW/m?
on the piston area at 3000 rpm of the engine speed.
This heat flux will be produced in less than 0.02 s
through the combustion step. The thermal analysis is
performed at this time duration, while the initial
temperature is considered as 300°C. The range of the
heat flux value in the four-cylinder engine can be
compared to another engine (the Peugeot engine),
reported in the literature [23]. The range of the heat
flux was reported about 4 to 5 MW/m? [23] on the
piston area, in less than 0.02 s of the combustion
duration, at 2500 rpm (Figure 4).

Besides, the value of h is assumed to be 5000
We°C/m? for both coolants. The range of this value,
which is considered for the four-cylinder engine, can
be compared with another four-cylinder engine,
reported in the literature [23]. For the water coolant,
the averaged value for h was reported as an
averaged value of 5000 W°C/m? [24].

For this thermal analysis, material properties of
studied FGMs are presented in Table 1. The metal is
considered as Ti-6Al-4V and the ceramic is assumed
to be SizN4. The titanium alloy can be used in engine
components as an inventive material due to its high
ratio of the strength to the weight.

3) Finite element modeling

The material behavior of FGMs cannot be simulated
in finite element commercial softwares such as
ANSYS and ABAQUS codes. The reason is the power
law for material modeling of FGMs, which cannot be
applied to numerical softwares. In some cases, FGMs
are modeled as a multi-layered material which
assumption is not correct due to the discontinuity of
material properties. Therefore, usually a code based
on finite element methods (FEMs) should be written
for solving governing equations in FGMs. In this
research, to validate results obtained by the SEM, the
cylinder and piston are modeled in the ABAQUS
software, when they are considered as metal-rich
and ceramic-rich materials, separately. Then, results
of the SEM and the FEM are compared together for
the validation.

For the FEM, axisymmetric models for the cylinder
and the piston are considered in the ABAQUS
software. Meshed models are shown in Figure 5. For
these models, the convergency of results is checked
and then, 2100 finite elements (2210 nodes) and
7952 finite elements (8136 nodes) are considered
for the cylinder and the piston, respectively.

4) Results and discussions

4-1) Validation process

In this part, the case study in this research can be
validated by experimental data of another engine.
This is due to the unavailability of experimental data
for the four-cylinder engine. Also, there are some
limitations for this validation. Only results of a
temperature survey test of the cylinder can be found
on the other four-cylinder engine, reported in the
literature [25]. Besides these limitations, a simple
geometry (and not a real geometry) is considered for
FE modeling of the cylinder. Thus, in this part, we
want to show that obtained results are in a proper
range, in comparison to experimental data. Besides,
it is indicated that the thermal analysis process can
be verified by experimental temperatures.

The inner radius and the outer radius of the cylinder
in the other four-cylinder engine is 78.6 and 88.6
mm. Also, its length is 85.0 mm. The initial
temperature is considered as 200°C. Other
parameters are the same as the case study in this
research. The material of the cylinder in the other
four-cylinder engine is EN-GJL-250 cast iron [24].
The thermal conductivity, the mass density and the
specific heat are considered as 46.5 W/m.K, 7200
kg/m3 and 460 J/kg.K, respectively.

Table 1: Material properties for the studied FGM [3-4]

Characteristics Metal Ceramic
(Ti-6Al1-4V) (Si3N4)
kg
p (ﬁ) 2370 4429
v (kgﬁ) 625.30 555.11
k(o) 13.72 121
7 .'.'. - Piston
14 --++ Head
! i —Wall
a i - =Total
[E]
: 3+
R I;
5 :
=
1
0 : ‘ .
0 80 160 240 320 400 480 560 640 720

Crank angle (degree)
Figure 4: The heat flux on the piston, the head and the wall
of the combustion chamber and the total heat flux [23]
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Figure 5: A part of FE models of (a) the pistn and (b) the
cylinder in the ABAQUS software

Results of the temperature distribution in the full FE
model of the cylinder are shown in Figure 6(a). The
related FE analysis was performed in the literature
[25]. Then, it was compared to experimental data,
obtained from a temperature survey test, which was
performed on an engine test bed. In this test,
thermocouples were installed below the bridge of
cylinders. The temperature was measured during
engine working at 4000 rpm and full-loaded
conditions. Measured temperatures are constant
during a steady state condition. It means that at each
point of testing, a time duration is considered. Then,
the temperature will become steady at that time
duration [25]. The maximum temperature, measured
in the temperature survey test, is about 240°C on the
bridge. Besides, by the full FE model of the cylinder,
the maximum temperature was obtained about
235°C [25], which is so near to experimental data. In
Figure 6(b), results of the simple FE model
(including only a cylinder) are shown.

By using the simple FE model of the cylinder in
Figure 6(b), the maximum temperature is calculated
about 248°C, which shows the verification of the FE
process. This temperature is higher than that value
in the full FE model. As this simple FE model is for
only one cylinder, the area of the heat transfer is
lower and therefore, the temperature is predicted
higher.

NT11
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Figure 6: The comparison of numerical and experimental
results for the cylinder of the other four-cylinder engine,
including (a) results reported in the literature [25] and (b)
results of the simple FE model with a simple geometry of
the cylinder

4-2) FG cylinder

As the first result, the number of super elements
should be considered to investigate the convergency
of the numerical approach. The temperature
distribution of the metal-rich (n=0) cylinder is
drawn in Figure 7. By increasing the number of
super elements, the temperature gradient increases.
Based on these results for the cylinder in this figure,
20 super elements (with 168 nodes) are considered
for obtaining all other results, where the
temperature gradient changes so little in comparison
to 25 super elements. Besides, in comparison to
2100 finite elements (2210 nodes) used in the
ABAQUS software for the cylinder, this number of
super elements shows the same accuracy and lower
time of calculations.

The distribution of volume fractions (for the metal
and the ceramic) is shown in Figure 8 versus the
radius of the cylinder. In this figure, volume fractions
are drawn for various values of n, the power in
Equation (21). It should be mentioned that when n is
zero, the FGM becomes exactly a metal-rich material.
Also, considering 30 for n is approximately equal to
the ceramic-rich material. In this condition, less than
10% of the material is metal. As another note, it
should be mentioned that for n=1, the material
behavior becomes linear.
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Figure 7: The temperature distribution in the metal-rich
cylinder for different numbers of elements
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Figure 8: The distribution of volume fractions versus the
radius of the cylinder for various values of n

Before mentioning main results, the validation of
results, obtained by the SEM, should be presented.
This is done in Figure 9. The maximum temperature
is about 432°C and 623°C for metal-rich and
ceramic-rich materials in the cylinder. In comparison
to the metal-rich material, the error between these
two methods becomes higher in the ceramic-rich
material, where the temperature gradient is higher.
The reason is due to the thermal conductivity. This
property of the ceramic is about 10 times lower than
that value of the metal. Since this transient behavior
has a higher rate in the ceramic, the SEM with 40
super elements has lower accuracy to predict the
temperature, in comparison to the FEM. This
problem will be solved by considering higher
number of super elements. In this condition,
likewise, the number of super elements is so lower
than the number of finite elements. However, as
shown in Figure 9, a proper agreement can be
observed between two methods and the error of the
SEM can be neglectable. Besides, the number of
super elements is so lower than the number of finite
elements with the same accuracy.

The temperature distribution in a half body of the
cylinder head is shown in Figure 10, when a metal-
rich material is considered in the ABAQUS software.
This result is related to the thermal analysis after
0.02 s of the combustion step. The maximum
temperature is about 432°C for the metal-rich FGM
in the cylinder, while the initial temperature is
300°C. This maximum temperature exists in the first
layers of the FGM at the inner radius of the cylinder.
Since the time of the combustion is so low (less than
0.02 s) and therefore, a high temperature gradient
occurs.

The temperature distribution for different values of
n can be observed in Figure 10. The maximum
temperature is the same for all values of n due to
have a ceramic-rich material in the outer radius of
the cylinder (Figure 8). Obtained results in this
figure show that the effect of the material
distribution is not significant on the thermal
behavior, when n changes from 1 to 10. There is only
a small difference for the results of n=0.5 to other
values. In this case, a higher volume of the material is
metallic (Figure 8).
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Figure 9: The comparison between FEM and SEM results
for the cylinder made of metal-rich and ceramic-rich
materials; (a) through the whole radius and (b) by higher
magnification (near the internal radius of the cylinder)
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Figure 10: The temperature distribution for the metal-rich
cylinder, obtained by the ABAQUS software
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Figure 11: The temperature distribution in the FG cylinder
for different values of n by using the SEM; (a) through the
whole radius and (b) by higher magnification (near the
internal radius of the cylinder)

4-3) FG piston

Figure 12 indicates the temperature distribution of
the metal-rich piston. By increasing the number of
super elements, the temperature gradient increases
through the length of the piston.

Based on these results for the piston in this figure, 40
super elements (with 328 nodes) are considered for
obtaining all other results, where the temperature
gradient changes so little in comparison to that one

by using 45 super elements. Besides, in comparison
to 7952 finite elements (8136 nodes) used in the
ABAQUS software for the piston, this number of
super elements shows the same accuracy and lower
time of -calculations. Figure 13 indicates the
distribution of volume fractions (for the metal and
the ceramic) versus the length of the piston. In this
figure, volume fractions are drawn for various values
of n, the power in Equation (23). It should be
mentioned that when n is zero, the FGM becomes
exactly a ceramic-rich material. Also, considering 30
for n is approximately equal to the metal-rich
material. In this condition, less than 10% of the
material includes the ceramic material.

The validation of results, obtained by the SEM, is
presented in Figure 14. The maximum temperature
is about 430°C and 512°C for metal-rich and
ceramic-rich materials in the piston. These
temperatures are lower than those ones in the
cylinder. Since, the heat transfer area in the piston is
more than the area in the cylinder.

In comparison to the metal-rich material, the error
between these two methods becomes higher in the
ceramic-rich material, where the temperature
gradient is also higher.
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Figure 12: The temperature distribution in the metal-rich
piston for different numbers of elements
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Figure 13: The distribution of volume fractions versus the
length of the piston for various values of n
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As mentioned for the FG cylinder, the transient
behavior in the ceramic is higher than that one in the
metal due to their thermal conductivity. Higher
number of super elements can be used to increase
the accuracy. As demonstrated in Figure 14, a good
agreement can be observed between results of two
methods (the SEM and the FEM) and the error of
results in the SEM can be neglectable. Besides, the
number of super elements is so lower than the
number of finite elements, although they have the
same accuracy.

The temperature distribution in a half of the piston is
indicated in Figure 15, when a metal-rich material is
considered for the piston in the ABAQUS software.
This result is related to the thermal analysis after
0.02 s of the combustion step. The maximum
temperature reaches to about 430°C for the metal-
rich FGM in the piston, while the initial temperature
is assumed to be 300°C. This temperature is
considered as a steady state temperature during the
combustion.
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Figure 14: The comparison between FEM and SEM results
for the piston made of metal-rich and ceramic-rich
materials; (a) through the whole length and (b) by higher
maghnification (near the top area of the piston)
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Figure 15: The temperature distribution for the metal-rich
piston, obtained by the ABAQUS software

The temperature distribution for different values of
n is demonstrated in Figure 16. The maximum
temperature is the same for all values of n due to
have a ceramic-rich material on the top area of the
piston (as can be observed in Figure 13). Obtained
results illustrate that the effect of the material
distribution is not significant on the temperature
distribution in the piston. The behavior is observed
also for the cylinder. Thus, it can be said that there is
no large effect on the temperature distribution and
the temperature gradient by changing the material
distribution in the cylinder or in the piston.

4-4) Optimization process

To optimize the material distribution, an optimum
value for n should be obtained. Based on results by
the SEM for different values of n, it can be said that if
the maximum temperature is selected as an objective
for the optimization, then a low value (such as 0.5 or
also lower value) can be introduced as the optimum
value. In other words, only a thin layer of the ceramic
requires to have a thermal barrier and to obtain
higher maximum temperature in comparison to the
metal. Then, this type of the FGM will be similar to
the thermal barrier coatings, but not in
discontinuous properties. This higher temperature
in the combustion chamber will lead to higher
performance in engines. The ceramic layer should be
placed in the inner radius of the cylinder and also
should be placed on the top area of the piston, where
are exposed to the heat flux of the combustion.

In addition, only the maximum temperature is not a
proper objective for the optimization of the material
distribution in FGMs. Some other parameters should
be added to target functions for a better
optimization. Besides the maximum temperature,
these parameters can be introduced as the thermal
stress, the weight and costs of manufacturing of
FGMs. Considering all these parameters will lead to
have a proper optimization process. This work will
be appeared in next researches, in the future.
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Figure 16: The temperature distribution in the FG piston
for different values of n by using the SEM; (a) through the
whole length and (b) by higher magnification (near the top
area of the piston)

5) Conclusion

In this research, the thermal analysis of FG cylinders
and FG pistons in engines is presented by using the
SEM. Super elements include shallow cylindrical
elements with 8 nodes in each element, which can be
used in cylinders and pistons. Obtained results show
that the accuracy of the SEM is the same as the FEM,
although the number of super elements is so lower
than the number of finite elements. Therefore, the
time of calculations is also so lower in the SEM, in
comparison to the FEM. In other words, the SEM
offers a relatively simple and efficient means of
predicting the material behavior with much shorter
runtime.

In addition, obtained results by the SEM indicate that
there is no significant effect in changing of n (in the
power law for FGM behavior modeling) on the
temperature distribution and the temperature
gradient. The behavior occurs in the cylinder and in
the piston, made of FGMs.

Appendix

For super elements, 16 shape functions (for each
node in one super element) can be written in the
local coordinate as Equation (A1).

MiEmp) = 5 cos?my — cosm)(1 + (1 +1)
Na(e,m,y) = 5 (cosPny — cosmy) (1~ (1 + 1)
Na(Em.y) = 5 (sin*my — sinm) (1 + O +1)
NaGEm,y) = 5 (sinmy — sinm) (1~ (L +1)
Ns(&,m.y) = 5 (cos?my +cosm)(1 + (1 +1)
Na(&,m, 1) = 5 (cos?ny +cosmy)(1 ~ (1 +1)
NAEmy) = 5 (sintmy + sinm) (1 + O +1)
Na(e,m,y) = 5 (sinimy + sinm) (1~ O +1) -
No(E,m.1) = 5 (cos?ny — cosm)(1 + (1~ )

MoEm,y) = 5 (cosPmy — cosmy)(1 = 1 )
N (€)= g (sinry — simmy) (1 + (1 — )
MyaEm,y) = 5 (sinmy — sinm) (1~ (1 ~ 1)
MiaEm1) = g (cosmy + cosm)(1 + 1 =)
MaEm,y) = 5 (cosPmy + cosmy)(1 = 1~ )

1
Nis(€n,y) = g(sinzny + sinmy)(1 4+ (1 —1n)

1
N1, y) = g (sin®my + sinmy) (1 = $)(1 —n)
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